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Explicit Construction of AG Codes from 
Generalized Hermitian Curves 

Chuangqiang Hu 


Abstract 

We present multi-point algebraic geometric codes overstepping the Gilbert-Varshamov bound. The construction is based on 
the generalized Hermitian curve introduced by A. Bassa, P. Beelen, A. Garcia, and H. Stichtenoth. These codes are described in 
detail by constrcting a generator matrix. It turns out that these codes have nice properties similar to those of Hermitian codes. It 
is shown that the duals are also such codes and an explicit formula is given. 

Index Terms 

Hermitian codes, algebraic geometric codes, asymptotically good tower, Gilbert-Varshamov bound. 


I. Introduction 

L et F be a function field over a finite field F;. An algebraic geometric code is of the form C^{D, G) with D = Pi + .. .+P„ 
where the Pj's are pairwise-distinct places of degree one in F, and G is a divisor of F such that supp(G) nsupp(Z3) = 0. 
And C^{D, G) is defined by 

G^{D, G) := {(/(Pi), /(P 2 ),..., /(PJ) 1/ e ^{G)}, 

where .if(G) denotes the Riemann-Roch space associated to G, see HI, 121 as general references for all facts concerning 
algebraic geometric (AG) codes. 

The Gilbert-Varshamov (GV) bound H], 121 guarantees the existence of families of codes over the finite field with good 
asymptotic parameters; i.e., information rate and relative minimum distance. It is well known that the parameters of AG codes 
related to asymptotically good towers of function fields are better than the GV bound in a certain range of the rate El, a. 

Denote by W(P) the number of rational places of P/F;. Let A)(p) := max{W(P)|P is a function field over F; of genus g}. 
The real number 

Ail) := hmsup^^, 

g-J-oo g 

is called Ihara’s quantity. The Drinfeld-Vladut bound El tells us that 

Aii)f^Vi-i. ( 1 ) 


If Z is a square; then 

Ail) = Vl-l, ( 2 ) 

which was first shown by Ihara E]. Tsfasman, Vladut and Zink gave in ||71 an independent proof of Equation (|2ll. Eor I is a 
square, and I ^ 49, the GV bound was improved by the famous Tsfasman-Vladut-Zink theorem El. Also, for I = g^ with odd 
c > 1 and very large q, there are improvements of the GV bound due to Niederreiter and Xing B . 

Eor applications to coding theory though, explicit construction of good towers are needed. In lH A. Garcia, and H. Stichtenoth 
gave an explicit construction of a tower of Artin-Schreier extensions of function fields over F,j 2 attaining the Drinfeld-Vladut 
bound. Recently, in Q, A. Bassa, R Beelen, A. Garcia, and H. Stichtenoth produced an explicit tower of function fields over 
finite helds Fq 2 i,+i for any integer 6^1 and showed that this tower gives 




2(g^+i - 1) 
q + l + e 


with e = 


g-1 
qb -1' 


(3) 


Using this tower they obtained an improvement of the GV bound for all non-prime fields F; with I ^ 49, except possibly 
I = 125 in ifTol . 

Their construction can be restated as follows. Let F; be a non-prime field and write I = with c ^ 2. Here the integer c 
can be even or odd. For every partition of c in relatively prime parts; i.e., 


c = a + b with a ^ 1, & ^ 1, 
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where the greatest common factor of a and h is gcd(a, h) = 1, we define 

a+l 




xl 


...+ 




xi 


H{x,y) :=- -h 

X 

y 

“I ^ „6+l 1“ • • ■ 1 c-l ■ 

X‘1 X‘1 x‘1 

The asymptotically good tower T = C C F^^'^ C ...) over F; is recursively given by the equation 

H{x,y) = 1. 


(4) 


Precisely speaking, 

1) =F,(a;i) is the rational function field, and 

2) with F{{xi,Xi+i) = 1, for all i ^ 1. 

For the case a = 6 + 1, this tower implies Equation Q. For a = b = 1, this tower is identical with the one constructed in 111 
and the second function field F^^'^ is the Hermitian function field ID, CD. To see this, we restate Equation Q as follows 

fl 


X 


]L 

x'i 


= 1 . 


We replace xy by z; then 

z + z« = x«+\ (5) 

which is exactly the canonical definition of Hermitian curve. So the second function field F^'^'> with general coefficients a, b can 
be regarded as the generalized Hermitian function field. And then the generalized Hermitian curve can be defined as follows. 

Definition 1. The generalized Hermitian curve over F^c with coprime integers a,b G verifying a + 6 = c, is defined by 
the affine equation 


y^ 


+ 


y'^ 


y 


c-l 


~ + 


y 

x^'’ 


+ 






= 1 . 


X x'? x^" ^ a;'3" x^'" 

The AG codes arising from the Hermitian curve are widely investigated, which are called Hermitian codes. The advantage 
of these codes is that these codes are easy to describe and to encode and decode. Moreover, these codes often have excellent 
parameters. 

One-point codes from Hermitian curves were well-studied in the literature, and efficient methods to decode them were 
known ID, im, CD, HI. The minimum distance of Hermitian two-point codes had been first determined by M. Homma 
and S. J. Kim Qa, US, iHl, IM- The explicit formulas for the dual minimum distance of such codes were given by S. Park 
ESI. Recently, Hermitian codes from higher-degree places had been considered in l20l . The dual minimum distance of many 
three-point codes from Hermitian curves was computed in ED, by extending a recent and powerful approach by A. Couvreur 
II 22 I . H. Maharaj, G. L. Matthews and G. Pirsic determined explicit bases for large classes of Riemann-Roch spaces of the 
Hermitian function field |23l. These bases gave better estimates on the parameters of a large class of multi-point Hermitian 
codes. 

In l24l . the authors explicitly constructed multi-point codes from the generalized Hermitian curves with coefficients a = 1, 
and 6 = c — 1. 

In this paper we investigate multi-point codes from the generalized Hermitian curves X with a = b + 1. The advantage in 
this setting is that the related tower achieve the bound stated in Equation (l3]l as indicated in |9l- We introduce four important 
divisors as follows according to 13 , 


1 ) 

2 ) 


D ■= p Da,/ 3 , where Da^p := {x = a,y = (5) with a,/3 S F*c satisfying H{a,f3) = 1; 


P := {x = 0,y = 0), which would be split into two parts, namely P = Pi+Pq where Pi := {x = 0,y = 0, x~‘^ y = a“^) 
denotes a rational place, if a and q are coprime; 

3) Q := {x = oo,y = 00 ); 

4) V := {x = 0,y = 00 ). 

The divisors D, P, Q and V contain all the possible rational places on the curve. We define the algebraic geometric codes 
over Fqc 

Cv,r,s,t = vPi + tPq + sQ + tv). 

For applications of such codes in practice one needs an explicit description, which means an explicit basis for the vector 
space J§f(uPi -f rPo + sQ + tV) or a generator matrix of the code Cy^r,s,t- We discover that this problem is related to a 
point-counting problem. Pick’s theorem ll25l . l26l provides a simple formula for calculating for two-dimensional lattice point 
set. Let fl be a lattice polygon. Assume there are I lattice points in the interior of H, and M lattice points on its boundary. 
Let S denote the area of H. Then 
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The main technical part in this paper is to solve the related three-dimensional point-counting problem using Pick’s theorem. 
So we can describe the code Cy^r,s,t by constructing a generaor matrix. As in the Hermitian case, it turns out that the dual 
code of Cy^r,s,t is of the same type. Finally, it is shown that the Goppa bound of improves the GV bound in a certain 

interval. For example, we find a [496, 250, ^ 172]-code over F 32 overstepping the GV bound. 

The paper is organized as follows. In Section 2, we introduce some arithmetic properties of the curve X and describe all 
the rational places. In Section 3, we construct a basis for the Riemann-Roch space ^{yPi -f tPq + sQ + tV). Section 4 is 
devoted to investigating the parameters and the duality properties of Cy^r,s,t- 

II. THE ARITHMETIC PROPERTIES OF THE CURVE 

We Start with some notations according to E). Let g be a power of a prime p and be a finite field of cardinality g'^. For 
an integer a ^ 1 , we define the function 

Tlaix) '■= X + x‘^ + X‘‘ + . . . + X'^ 

We assume c is an odd number and fix a partition of c into two consecutive integers; i.e., we write 

c = a + b, with a = b + l,b G 2 “*". 

In this section we study the generalized Flermitian curve X over F^c 

Trb(^)+Tr„(^) = l. ( 6 ) 

X x‘1 

For abbreviation we set Nk := (g^ — l)/(g— 1) for every integer k > 1. For an element / in the function field Fqc(A’) of X, 
define 

div(/),divo(/), anddivoo(/) 

the principal divisor, zero divisor and the pole divisor of / in ¥qc[X). Let P := {x = 0,y = 0), Q := {x = 00 , y = 00 ), and 
V := (x = 0,y = 00 ) be the divisors of ¥qc(X). For a divisor D in F^c, we denote by deg{D) the degree of D. Several 
results in 13 are restated by the following proposition. 

Proposition 2 (El)- 1) The curve X has genus 

g = i ((g^ - 2 )(g“-i + - 2 ) + (g^ - g)) . 

2) div(a;) = P + q'^-^NbV - q^Q, and div(?/) = q^P - q^-'^NaV - Q. 

3) deg(P) = g“-\ deg(Q) = g''-\ and deg(L) = g - 1. 

4) For each a G F*c, there are q‘^~^ elements /3 G F*c such that Trc(-^) = 1, and for such pairs (a,/3) there is a unique 
place of degree one with 

X = a mod Pq ,./3 and y = jd mod Pa,p- 

Let D Da,p- Then deg{D) = g'^“^(g° — 1). 

The following proposition describes all the rational places on the curve X. 

Proposition 3. 1) There exists a unique rational place Pi := {x = 0,y = 0,x~'^ y = a“^) in the divisor P if and only if 

p\a. 

2) There exists a unique rational place Qi := {x = c»,j/ = oo,x~^y'^ = b~^) in the divisor Q if and only if p \ b. 

3) The divisor V can be written as V = where V/y = {x = 0,y = 00 , x'^ ^ayq Nb _ denotes a 

rational place in V just in case p = 2. 

Therefore, all the possible rational places on the curve are the following: Da^p, Pi, Qi, and V^. 

Proof 1) Suppose that Py is a rational place in P. It can be deduced by the divisors of x and y that vp^[x y) = 0 and 
vp^{x~^y'^ ) > 0. We can assume that x~‘^ 2 / = 7 mod Pj. Taking evaluation in Equation (| 6 l, we have Tra 7 = 1. 
Actually, it is shown in l9l that the conorm of P with respect to F^/F^c is 

Tra 7 —l,7GFq 

where P^ := {x = 0,y = 0, x~^'’y = 7 ) denotes a rational place in the function field ¥q{X). Hence, each rational place 
in the function field ¥qc[X) can be written as P-y = (x = 0 ,g = 0 , x~^ y = l) with 


Tra 7 = 7 + 7'^ + 7'^ -I- ... -I- 7'^ 


1 and 7 G F^c. 


( 7 ) 
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Now we only need to show that there exist a unique solution in Equation (|7]) if and only if p | a. If 7 is a solution in 
Equation (|7]), then 

7^ + 7'^ + 7^ + ... + 7^ = 1. (8) 

Combining Equations dTji and (l 8 ]l we find that 7 '^ =7 and therefore 7 G fl Fga = Fg. Now Equation (|2l) becomes 
aj = 1, and then 7 = a~^ just in case p \ a. In other words. Pi := {x = 0,y = 0,x~'^ y = a~^) represent a rational 
place in F^c [X) when p j" a. 

2) Similar to the proof of assertion 1). 

3) Suppose that Vji is a rational place in V. It is easy to show that vv^{x'^ ^o.yq"' _ q assume that 

2;9 = p, mod Vjj. Multiplying both sides of Equation® with , we obtain 

where vy (k) > 0. Then we have = —1. Note that the equation = —1 has q — 1 solutions in F^c if and only 
if 2\q. Now the assertion 3) can be deduced similarly. 

□ 


III. EXPLICIT BASES FOR RiEMANN-ROCH SPACES 

In the rest of this paper, we shall always assume that p\ a. Now by Proposition |2 the rational place Pi exists. The divisor 
P can be decomposed by P = Pi + Pg, with deg(Pi) = 1, and deg(Po) = q°‘~^ — 1. We remark that the assumption p f a is 
not essential. If p | a, then p\ b. And we obtain a rational place Qi in Q. All the results in both cases are similar. 

Our next aim is to determine a basis for a space ^(vPi + rPg + sQ + tV) and then we can construct a generator matrix 

be three elements in Fqc(A’). We want to construct a 


for our AG codes. Let u := a ^ — 






w := 




y 


^ -, and z := ^ 

X xi XU xi 

basis of jSf(uPi + rPg + sQ + tV) where all elements are of the form 


x^z^w^ with {i,j,k) G Z^. 


Proposition 4. The divisors of u, w, and z are given by 


div(u) = {q^ - l)Pi - N,V, 
div(z) = -q^-^N,V + {q^ - l)g, 
div(u;) = {q- - l)Po - (r 7 “-i - l)N,V. 

Proof. The divisor of u is computed in I®, the others can be calculated directly. □ 


We denote by [xj the largest integer not greater than x and by [x] the smallest integer not less than x. It is easy to show 


that j = 


is equivalent to 


j G Z and a ^ jSj < a + (3. 


Let us denote the lattice point set 


^v,r,s,t ■= k)\-v^ i, 

- r < i + - l)fc < -r + {q" - 1), 

- s < -q°-i + {q‘' - l)j < (q'" - 1) - s, 

- t ^ (g“-iiV6)z - {q'^-^N,)j - - l)N,k }, 


or equivalently, 

^v,r,s,t ■■= k)\ -v,j = 

{q^-^Ni)i - {q'^-^N,)j + t ^ - l)N,k }. 

With these notations we have the following proposition. 

Proposition 5. There exists a constant C depend on the r,s,t; such that, for v ^ C, the number of riv^r,s,t verifies 

= 1 — p + x + {q°‘ ^ — l)r + + (p — l)f. 

We shall give a proof of Proposition |5] later. The following proposition is the main result of this paper which can be applied 
to encoding multi-point codes. 

Proposition 6. The elements x'^z^w^ with {i,j, k) G ^v,r,s,t form a basis of .^{vPi + rPg -f sQ + tV). 
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Proof. Proposition |2] and Proposition |4] imply 

Ayv{x^ w^) = i div(x) + j div( 2 ;) + k div(w) 

= iPo + iPi + q°'~^NbiV — q°^iQ 
- q^-^N^jV + ((?= - l)jQ 
+ (< 7 = - l)fcPo - (9“-^ - l)N,kV 
= iPi + (i + - l)fc) Po + (-<7“* + {q" - l)j) Q 

+ {q‘^-^Nbl - q^-^N,j - (9“-l - l)Nek) y. 

Thus, x'^z^w^ G Jf{vPi + rPo + sQ + tV) if and only if the following conditions hold 

Pi : -V ^ i, 

Po : -r < i + - l)fc, 

Q : -s ^ + (q^ - l)j, 

V:-t^ - {q^-^N,)j - - l)N,k. 

Hence, all the elements in j, k) G are contained in Jf{vPi + rPo + sQ + tV). 

Note that for {i,j, k) G ^v,r,s,t both j and k are determined by i which is exactly the valuation of x'^z^w^ with respect to 
Pi. In other words, all elements in j, k) G has different valuations with respect to Pi, so they are linearly 

independent. 

Denote by d the dimension of J§f(uPi + rPo + sQ + tV). To complete the proof, we only need to show that d = ^^v,r,s,t 
for large v. By Riemann-Roch theorem, for large v, we have 

d=l-g + v + - l)r + q^-^s + {q- l)f. (9) 

The proposition now follows from combining Equation (|9ll and Propositions |5] □ 

Corollary 7. The elements x^y^u^ with {i,j, k) form a basis of the Riemann-Roch space jSf {vPi + tPq + sQ + tV), 

where HJ, ^ ^ ^ denotes the lattice point set 

K,r,s,t ■= {(.hj,k)\ -V i^i-Gq^j + {q‘' - l)k 

—r^i + q^j < —r + {q‘^ — 1 ) 

-s ^ -q°‘i - j <-s+ - 1) 

-t ^ - q'^-^Naj - N,k }. 


Proof. By definition, 

i i k i—Q^j — k i4-Q^k —k 

X z-^w = X ^ u 

Let f := i — q^j — k, f := j + q^k, k' := —k. Then becomes 

+ q^f + - l)k' 

-r < z' + < -r + - 1) 

-s ^ -g“z' - f < -s+ (9^ - 1) 

-t ^ q'^-^Nbi' - q^-^Naf - N,k' }, 

which is equal to ^ j. So we have {x'^y^u^\{i,j,k) G = {x'^z^w^\{i,j,k) G flv,r,s,t}- 

In order to count the elements of we need some preparations. 

Lemma 8. Assume that a is an integer. 

1) Let La'^ := {(z,j)|0 ^ z < — 1, and q°‘~^Ni,i — q^~^Ncj = —a}. Then 


I (J otherwise. 


2) Let La^ := {(z,j)|0 ^ z < — 1, and — q°'i + (g'^ — l)j = —(g'^ — l)g — a}. Then f^La^ = 1. 

3) Let La'^ := {{m, /)|0 ^ m < q^ — 1, and q^~^l — Nctn = a}. Then f=La'^ = 1. 


□ 


Proof. We prove only the first assertion of this lemma. The other conclusions can be deduced similarly. Note that the greatest 
common factor of q°‘~^Nb and q^~^Nc is gcd(g““^7Vb, q^~^Nc) = q^~^. The equation q°‘~^Ni,i — q^~^Ncj = —a has integer 
solutions if and only if p’’~^ can be divided by a. If q^~^ \ a, then #Pa ^ = 0. If q^~^ \ a, we can assume that (io,jo) is an 
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integer solution. We claim that all the other solutions are given by (iq + NcX,jo + qNi,X) with A G Z. It is easy to check that 
(io + NcX,jo + qNbX) is an integer solution. Conversely, let {i,j) be an integer solution different from (zq, jo)- Substituting 
both solutions into the equation we obtain 

qNb{i - io) - Nc{j - jo) = 0. 

So Nc\{i — io) and qJVhl(j — jo)- Hence, La^ can be written as 

^ = {(*0 + XfcXjjo + qNbX)\0 ^ *0 + NcX < q^ — 1 }. 

Hence, = q — 1. □ 

Lemma 9. Suppose that 0 ^ m < q^~^, and s,f ^ 0. Let 'i>rn be a lattice point set 

'^m ■■= {{i,j)\ 0<z<g'=-l, 

-t ^ q°-~^Nbi - q^~^Ncj + NcUi, 

-s - - l)g ^ + {q"" - l)j }. 


Then 


and 


#^m — ( 9 ° + l )'?/2 + 


t + N(.m 


nb-l 


[q- l) + s, 


E + 9 "+' - 9" + 9) + g'-'s + (9 - i)t. 

m —0 



( 10 ) 


( 11 ) 


Fig. 1. The lattice point set 


Proof. We split 4'm into three parts ^'1^1 and namely 

vl'(o) :={(z,j)| 0 <*< 9 “-l, 


0 ^ q^-^Nbi - <z'-'iVcj, 
- { q - - 1)9 ^ - 9 “z + (9^ 


l)j }, 


^f(i) := {(z, j)| 0 ^ z < 9"= - 1, 

- t - Nctn < q°-~^Nbi - q'’~^Ncj < 0, 

- (9“ - 1)9 -9“^ + (9= - l)j }, (12) 

d 

^-(2) ;= {{i,j)\ 0 < i < 9^= - 1, 

-t - Nctn < q'^~^Nbi - q^~^Ncj, 

- s -{ q -- 1)9 -9“* + { q ^ - l)j < -{ q ^ - 1)9 }• 

Then we have Equation ( fTOb now follows from the following assertions 

1) #Tr(0) =q{q^ + l)/2. 















7 


2 ) #«-(!) = (g- 1 ) 

3) #4'(2) = s. 


t + N(.m 


r,b-l 


Let O = (0,0), A = (0, —g), and B = {q'^ — — q). Denote by S the area of the triangle AOAB, and by M the 

number of lattice points in the boundary of AOAB. Applying Pick’s Theorem, the number I of lattice points within AOAB 
verifies 

7 = 5'-M/2 + 1. 

It is easy to see that S = qijf — l)/2. In the same notations of Lemma | 8 ] we have M = + g — 1 + 1 = 2g. 

Since contains exactly the lattice points in the triangle AOAB expect the vertex B, we see that 

^^( 0 ) ^ ^/\oAB -1 = I + M -I 
= S + M/2 
= <l{<f + l)/ 2 - 

This proves the first assertion. Put a := q^~^Ncj — q°‘~^Nbi. For 0 ^ — 1 and a > 0, we have 

(a + q^~^Nbi){q - 1 ) 


-g“i + (g'^ - l)j = -g“i + 


r,h-l 


(g — l)a — g“ 


r,b-i 


So Condition (fTTli is invalid, and therefore 

Applying Lemma [S] we get 


> -g(g°- 1). 

t-\-NcTn 

.p(i)= u lW. 


t-\-NcTn 

a^l 

t + NcUi 

which completes the proof of the second assertion. Similar to the proof above, we find that = s. 

In order to complete the proof, we introduce a lattice point set 

■f- I j-yj 

:= {{m,l)\0 < m < g''“\0 < I < - r^^- 

qo i 


Then 


Note that 


E 


m—O •- 


t + NcTTI 


q' 


6-1 


$t = <i>oU U ■ 


(13) 


(14) 



Fig. 2. The lattice point set 




















Using Pick’s Theorem, it is easy to show that 

#$0 = {Nc - l)(g'-' - l)/2. 

By Lemma 0 it follows that 

E ^ 


( 15 ) 


(16) 




Hence, we deduce that 


#$* = #$0 + E ^ 

= {N,-l)iq^-^ -l)/2 + t. 

If we combine Equations (fOl l and (fTTl l. then we get 


E 


t + NcTn 


m—0 ■- 

Using Equations (fTol l and (fTsT i we obtain 




6-1 




(17) 


(18) 


1 


E = O + <1^^' - <7^ + 7) + + {q- l)t, 


m—0 


which completes the proof. 


□ 


Lemma 10. Let Ltyfi^s,t be the lattice point set Llv,r,s,t with r = 0. For v ^ vo := {q‘^ — l){q^ + q^ ^ — 1), and s,t ^ 0, we 
have 

#^v,o,s,t = 1- g + v + q^~^s + {q- l)t. 

Proof. In order to calculate the number of the set U„^o,s,t, we fix the index k, and define 

0fe := {{hj)\{hj,k) e 

Precisely speaking, 

0fc := {(ui)l -V 

0 + {q‘^ — l)k < — 1, 

-s < -g“i + - l)j < {q‘' - 1) - s, 

-t < (g“-iiVb)z - (g^-^iVJj - (g“-i - l)iV,fc }. 

Then we have 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 


LI 


v,0,s,t — 


U e^Ul U 

k=q'‘+q’’-^ 


k— — 


We count it by two steps. 

1 ) # (U^9»+9<.-i ©fc) = - Vo- 

Let (i, j) G 0fc, and M := —q°‘i + (g° — l)j. Inequality (|2T]) tells us M < (g° — 1) — s < g“ — 1. It follows from 
Inequality ( l20b that —i > (g° — 1)(A: — 1). Eor k ^ q^ + q^~^, we have 

{q^-^Nt)t - {q^-^Ny)j - (g“-l - l)N,k 

= (g“-l7V6)z - qb-l M + q^t _ 1 _ 

q-1 


> 


g - 1 g - 1 

g“-i(g'=-l)(fc- 1 ) g^-i(g=-l) 


g - 1 

= Ny{k -q^- g^-i) 

^ -u 


g-1 


- (g“-' - l)N,k 
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which means that Condition (|2^ is invalid. We claim that 

OO 

U = 

To see this, we shall write down Condition (l20l l for various k. We put := — l)(q^ + 

Then 


i-iJ) 


-V !^i < -vo,j = 


q^i — g 

q'^ — 1 


(23) 

1 + p) for /r S N. 


—Vi ^ i < —Vo for k = q^ + q^~^, 

—V 2 ^ i < —Vi for k = q^ + q^~^ + 1, 

—V 3 < —V 2 for k = q^ + q^~^ + 2, 


-Vf^+i < i < -Vfj, for k = q^ + q^ ^ + /r. 

Combining Condition (l20l i for k ^ q^ + q^~^, we get i < —vq. We note that Conditions ( fT^ and (1211 1 are independent 
of k. Then 0fc becomes 

i < Vo, 

-s ^ + (g“ - l)j < (9^= - 1) - s }, 


which implies Equation (l23T l. By Equation (|2^ one can easily verify that ^ = v — vo- 

2) # (UL’'’-oo 0fe) = 1 - ff + + q^~^s + {q- l)t. 

It is important to write k = q^~^l + m with 0 ^ m ^ q^~^ — 1 and I ^ q. Let i := i + {q'^ — l)k, and j = j + q°'k — 1. 
Then 0fc becomes 

0i.m := {(*, j)| -V + {q^^ - l)k, (24) 

(25) 

-s - (g“ - 1 ); < -q°-i + [q^ - l)j < -s - ( 9 "= - 1 )(; - 1 ), (26) 

-t ^ + N,m }, (27) 


and then 


U U U ©c 

k——oc m—0 I—— 0 C 


Set '^rn ■■= UL -00 we have 

# U = E 

\ k— — oo J m—0 

Note that Inequality (l24l) is invalid since —v + (g° — l)k ^ —v + riQ ^ 0. We see that Conditions (|25]) and dZTl l are 
independent of I, so we can combine Condition (l26l l for I ^ q. Let := s + (g'^ — l)(g — fi) for p G N. Then Condition 
(l26l l can be expressed as 


-So ^ -<?“* + ( 7 “ - l)j < -Si for I = q, 

-Si ^ -q°'i + - l)j < -S 2 for / = g - 1, 

-S 2 ^ -g“i + (g'" - l)j < -S 3 for ; = g - 2, 


-Sf, ^ -g“i + (g"" - l)j < -Sf,+i for Z = g - p. 
This give a total condition —so ^ —g“i + (g'^ — l)j. So T'm can be rewritten as 

-t < q°-~^Ni,i - q^~^Ncj + Ncm, 
-s-(g^-l)g^-g“T+(g'=-l)j }. 
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Then we have by Lemma |9] that 

# U ^ 


k— — oo 


m—0 


In summary. 


= - 9" + 9) + 9''-'s + {q- l)t 

= 1- g + Vo + q^~^s + {q- l)t. 

#^v,o,s,t = 1- g + v + q^~^s + {q- l)t. 


This completes the proof. 

Lemma 11. If s + q°‘r = s + cr(g° — 1), f — q°‘~^Nh — (g“ — l)cr = f + NcX then 

vPi + rPo + sQ + tV (t; + - 1)A -r) Pi+fQ + tV. 

Proof. By direct computation, we have 

vPi + rPo + sQ + tV + 

= vPi + rPo + sQ + tl^ + - 1)A - r) div(a;) 

+ {q°‘\ — a) div( 2 ;) — A div(r(;) 

= vPi + tPq + sQ + tV 
+ ((g^ - 1)A - r) (P + q’^-^N^V - q‘^Q) 

+ (g“A - a) {-q^-^N,V + {q^ - 1)Q) 

- A {{q^ - l)Po - (g“-i - 1)N,V) 

= (u + - 1)A - r) Pi + sQ + tv. 


□ 


□ 


Lemma 12. Suppose that s + q°‘r = s' + (7[q'^ — 1) with 0 ^ s' < — 1, and t — q°' — (cf — l)a = t + NcX with 

0 < Nc. Let u := u + (g“ — 1)A — r. Then 

Proof. The proof of Lemma [TT] leads us to make a transformation i = i + (g'^ — 1)A — r, j = j + g“A — cr, and k = k — X. So 
we obtain 

0 < I + (g° - l)fc < 0 + (g° - 1), 

-s < -g“i + (g'^ - l)j < {q^ - 1) - s, 

(q'^-^N,)!- {q»-^N£- (g“-l - l)N,k }, 

which implies the lemma. □ 

Now Proposition |6] follows easily from Lemmas [TO] and [12] 

IV. THE PROPERTIES OF THE CODES 

In this section, we study the linear code 

Cv,r,s,t = vPi + rPo + sQ + tV). 

The length of Cy^r,s,t is n := deg{D) = (g° — l)g'^“^. For convenience we set G := vPi + tPq + sQ + tV with 

deg(G) = v + (g“-i - l)r + g^’^s + (g - 1)L 
It is well known that the dimension of an AG code C^{D, G) is given by 

dimG^(P,G) =dim.if(G)-dim.if(G-P). (28) 

Set P := n + 2g — 2. If deg(G) > R, then the Riemann-Roch Theorem and Equation (l28l) yield 

dimG^,,.,s.t = (1 - g + deg(G)) - (1 - g + deg(G - D)) 

= deg D = n, 
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which is trivial. So we should only consider the case 0 ^ deg(G') < R. 

Definition 13. Two codes Ci, (72 C F^c are said to be eqnivalent if there is a vector a = (oi, 02 ,..., a„) G (1^*0)" such that 

C 2 = a - Cl, i.e., 

C 2 = {(aiCi,a 2 C 2 ,...,a„c„)|(ci,C 2 ,...,c„) £ Ci}. 

Denote by (7“*- the dual of C. The code C is called self-dnal (resp. self-orthogonal) if (7 = (resp. C C C^). 

Proposition 14 (HI). Suppose Gi and G 2 are divisors with Gi ^ G 2 and supp(7i flsuppH = supp (72 nsuppD = 0, then 
C^{D,Gi) and C^{D,G 2 ) are equivalent. 

Proposition 15. Suppose that s + q°'r = 7+ a{(f — 1) with 0 ^ s < — 1, and t — q°'~^Nh — {(f — 1)(J = t + NcX with 

0 ^ t < Nc- Let V := V + — 1)A — r. Then the code Cy^r,s,t is equivalent to Cg q -p 

Proof. It follows easily from Lemma [TT] and Proposition [14] □ 

We use the following lemma to calculate the dual of Cv^r,s,t- 

Lemma 16 (H]). Let r be an element of the function field of X such that vp^{t) = 1 for all rational places Pi contained in 
the divisor D. Then the dual of C^{D,G) is 


C^{D, G)^ = C^{D, D-G + div(dT) - divr). 
Proposition 17. The dual ofCy^r,s,t is 

Gv^r,s,t — G—l—y^—l—^.^A—s,B — t^ 
where A = - 2, and B = - l)Ny - 1. 

Proof. Consider the element 

T := {x — a) = x'^ — X. 

aeFgc 

Then t is a prime element for all places Da^p, and its divisor is 

div(T) = divo(x) + D — q'^ diVoo(a:) 

= P + q'^-^NbV + D- g^+“g. 


It follows from Q that 

Difr(F/iT(x)) = ((z“ + ( 7 “ - 2)Q + - 1)7V, + {q^-^Ni> - 1)) I/. 

So the divisor of dr is 


div(dT) = div(—dx) = —2divoo(x) + Diff(P/iT(x)) 

= -2r7“Q + (g" + g“ - 2)Q + ((g“-i - l)Ny + {q'^-^Nb - 1)) C 
= ( 9 " - - 2)Q + (( 9 “-' - l)Ny + (9“-iiV6 - 1)) y. 

Let 77 := dr/r be a Weil differential. Set A := — g“ — 2, and B := (g““^ — l)Nc — 1. The divisor of 77 is 

div( 77 ) = div(dr) — div(r) 

= (q^ - g“ - 2)Q + ((g“-i - 1)7V, + (g^-^iV^ - 1)) C 
-F- q^-^NhV -L> + q^+^Q 

= -P+ ((g“-i - l)Ny -1))V-D + (g"+“ + g" - g“ - 2)Q 
= -P - D + AQ + BV. 

By Lemma [ThI the dual of Cy^r,s,t is 

Cv,r,s,t = Csf {D, D-vPi- rPo - sQ-tv + div( 77 )) 

= C^ {D, (-1 - 7;)Pi + (-1 - r)Po + {A- s)Q + {B-t) V) 

— G—i — y^ — i — r.A — s,B—t' 


□ 


Proposition 18. Suppose that 0 ^ deg((7) < R. Then the following holds: 
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1) The dimension of Cr is given by 


dim Cy^r^s^t 


#^v,r,s,t for 0 ^ deg(G) < n, 

n - for ^ deg(G) < R. 


where ^ := 

2) The minimum distance d of Cr satisfies d ^ n — v — — l)r — q^~^s — {q — l)t. 


Proof. 1) For 0 ^ deg(G) < n, we have by Proposition | 6 ] and Equation (l28T l that 


dim Gi;^r',s,i — dim.=$^^(G) — f^^v,r,s,t- 
For n ^ deg(G) ^ R, Proposition [TT] yields 

dim— Ti dimG^^^ — n 
2) The inequality follows from Goppa bound. 


□ 


By Proposition | 6 ] or Corollary |7] one can easily specify a generator matrix for the code Cv,r,s,t- We fix an ordering of the set 


T := |(a,/3) S F*c x F*e 
For {i,j, k) G we define the vector 


Tr6(^)+TrjA) = U- 

a ai 


-1 / 3 « / 9 « 


F;,,,.fc := a*/3^ a-r - ^ ^ 


(a,/3) gT gF" 


(29) 


(30) 


Proposition 19. Suppose that 0 ^ deg(G) < n. Let m := dmiCv^r,s,t ond (i\, j\, k\) with 1 ^ X ^ m be all elements in 
n'y y g Then the m x n matrix whose rows are , • ■ •, generator matrix of Cy^r,s,t- 

Proof Corollary |2l □ 

Example 20. Let us consider the case q = 2, c = 5, a = 3, and 6 = 2, then n = 496, and g = 75. By Proposition [15] we 
should only consider the codes Cy^r,s,t with r = 0,0 ^ s < 31,0 ^ f < 31. Applying Proposition (TT] we find that the dual 
code of Cv^r,s,t is G_i_„ _i_r, 278 -s, 92 -t- Using Proposition [TSi we can determine the dimension and the Goppa bound for 
Cv,r,s,t- The GV bound is the best lower bound which is known from elementary coding theory. However, its proof is not 
constructive. It does not provide a simple algebraic algorithm for the consttuction of good long codes. While our codes Gi, r,s,t 
can be constructed explicitly by applying Proposition [T9] and it turns out that the Goppa bound of Cy^r,s,t improves the GV 
bound in a certain interval, see Figure [3 For instance, we find that the code G 324 ,o.o,o is a [496, 250, ^ 172]-code over F 32 , 
which oversteps the GV bound. 



Fig. 3. Bound for Fgc = F 32 
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